We consider singularities of static spherically symmetric objects in minimal dilatonic gravity. They are only partially studied and purely understood even in the simplest models of extended gravity. We introduce the proper form of the structure equations and derive a set of all singularities, which turn to form several types of sub-manifolds of the phase space. We also introduce for the first time the Lyapunov function for the corresponding system, its equation, and its basic properties. The dependence on the mass of the dark scalar is discussed.
Introduction: The basic equations and definitions
We consider singularities of static spherically symmetric objects (SSSO) in minimal dilatonic gravity (MDG). They are only partially studied and purely understood even in the simplest models of extended gravity, see 1 and the references therein. We present a novel approach to these problems having in mind that the good physics requires adequate mathematical tools. Our analysis of the singularities in the phase-space of SSSO in MDG yields new physical consequences. In particular, it raises a nontrivial problem of bifurcations of the phase-space srtucture of solutions. A basic example is neutron stars in MDG [2] [3] [4] . Our consideration is much more general and can be applied to any single SSSO in the Universe with metric ds 2 = e ν(r) (cdt) 2 − dr 2 / 1 − κ 4πr m(r) + 4 3 πr 3 ̺ − r 2 dΩ 2 , r being the luminosity radius.. The ODEs for the structure of MDG-SSSO and the corresponding boundary conditions at the center, at the edge of the SSSO, and at the boundary of the MDG Universe were derived in 1 and used in 1-4 for neutron stars with different matter equation of state. One has to solve the non-autonomous system dm dr = 4πr 2 ρ ef f /Φ, dp dr
for five unknown functions m(r), ρ(r), Φ(r), p Φ (r), and ν(r).
In the Eqs.
∆Φ . The comma denotes differentiation with respect to variable Φ.
The three physical parameters in Eqs. (1): κ ≈ 1.8663 × 10 −27 cm/g (Einstein constant), cosmological density ̺ = Λ/κ ≈ 5.83 × 10 −30 g/cm 3 , and the velocity of light c are known with different precision, Λ ≈ 1.0876 × 10 −56 cm −2 being the observed value of the cosmological constant.
The two related potentials
U (Φ; µ) = Φ 2 1 + 3µ
− the cosmological potential, define the simplest one-parameter-family of withholding potentials 5 . Here we use the Zhukovsky function Z(Φ) = 
The generalization to the case of potentials with n-in-number minima depends on (n + 1)-in-number dimensionless parameters µ, z 1 , . . . , z n and reads
The introduced and utilized in 1 dark scalar ϕ = (ln (1 + ln(Φ))) 1/n , n = 1, 3, 5;
has the same mass m Φ by construction and stretches the physical domain of the dilaton. This facilitated studies of the very challenging numerical problems under consideration and made it possible to discover new phenomena 1 . In Fig. 1 , we sketch the picture of the MDG Universe with a single SSSO in it. 
The Phase space of the problem and its vector field
We rewrite the system (1) as an autonomous system of six ODEṡ
in the 6d phase space M
r,m,p,Φ,pΦ,ν introducing the regularization parameter τ : dr = r∆∆ Φ dτ and denoting by dot the differentiation with respect to it.
The six functions F ... in Eqs. (4) are of the type F ... (r, m, p, Φ, p Φ ; µ):
βpΦ ∆Φ , T = ρ − 3p, and
Since the functions (5) do not depend on the variable ν, the last of the Eqs. (4) splits out and we can consider the reduced (sub)system of order five in the phase space M (5) r,m,p,Φ,pΦ . Hence, after all we have to consider a 5d vector field
r,m,p,Φ,pΦ . It depends on only one parameter µ in the case of potentials (2), when one uses cosmological units.
Singular submanifolds of the phase space M (5) r,m,p,Φ,pΦ
A specific peculiarity of our problem is that its singular points are not isolated and form singular sub-
r,m,p,Φ,pΦ of different dimensions d i . Therefore, to be able to consider the changes of structure of the phase-space flow of SSSO in MDG, we are forced to develop the very theory of bifurcations. In the present article, we make some first steps toward the solution of this problem.
The equilibria, dubbed also singular points of Eqs. (4) in the phase space M (5) r,m,ρ,Φ,pΦ , are zeros of the system F = 0. One has to impose also some additional restrictions on the physically admissible equilibria. As seen from the first of Eqs. (5), there exist only three types of equilibrium points.
1) The center of SSSO: r = 0 ⇒ F r = 0, F m = 0, and F Φ = 0. We equate m = 0 and p Φ = 3) The singular manifold, defined by ∆ Φ = 0 ⇒ F r = 0, F Φ = 0. We have to equate β = 0 to nullify the rest of the components of the vector F.
There exist two different cases: a) Inside the SSSO (r ≤ r SC , ρ > 0,
r,Φ . Besides the This issue needs a more detailed study which will be presented elsewhere.
The Lyapunov function for SSSO structure equations
The power of the Lyapunov analysis of the MDG-Friedmann-Robertson-Walker time-dependent model of Universe was demonstrated for the first time in 6, 7 . Since in the case of SSSO we consider the dependence of solutions on the luminosity radius r, taking into account the metric signature we obtain a similar problem with the dilatonic potential V replaced by −V , see, for example, 8, 9 and the references therein. The analysis of of solutions based on nonexisting pseudo-energy-conservation was presented in the framework the f (R)-models 8, 9 . This issue needs a careful reexamination using the Lyapunov analysis.
For SSSO the dilaton equation Φ + V ,Φ (Φ) = 1 3 T takes the form of Eq.(A.1d) from paper 1 . It can be rewritten in the form of the Lyapunov equation
for the Lyapunov function
The level-curves of this function and their dependence of the mass-parameter µ are 
The sign of this function defines the direction of change of the Lyapunov function η. This direction may be quite counterintuitive in some domains of the phase-space. We intend to consider the corresponding important results somewhere else.
Here we would like to mention that, as shown in 5 , MDG is, in general, only locally equivalent to the f (R) extended theories of gravity, see for example [8] [9] [10] [11] [12] [13] [14] , and a large amount of references therein. As a rule, the presented results can be applied to the f (R) theories only to some extent and such application requires special cares. The exception are the f (R) theories which are globally equivalent to MDG, but one is not able to find these models in the existing literature.
